
“Natural numbers are the product of human spirit” – Dedekind 

9.1 Hkwfedk (Introduction)
xf.kr esa] 'kCn ̂ vuqØe* dk mi;ksx lk/kj.k v¡xsz”kh osQ leku fd;k
tkrk gSA tc ge dgrs gSa fd lewg osQ vo;oksa dks vuqØe esa
lwphc¼ fd;k x;k gS rc gekjk rkRi;Z gS fd lewg dks bl izdkj
Øfed fd;k x;k gS fd ge mlosQ lnL;ksa dks izFke] f}rh;] r`rh;
la[;k rFkk vkfn ls igpku ldrs gSaA mnkgj.kr%] fofHkUu le;ksa esa
ekuo dh tula[;k vFkok cSDVhfj;k vuqØe dh jpuk djrs gSaA dksbZ
/ujkf'k tks cSad [kkrsa esa tek dj nh tkrh gS] fofHkUu o"kksZa esa ,d
vuqØe dk fuekZ.k djrh gSA fdlh lkeku dh voewfY;r dhersa
,d vuqØe cukrh gSa ekuo fØ;kvksa osQ dbZ {ks=kksa esa vuqØeksa dk
cgqr egÙoiw.kZ mi;ksx gSA fof'k"V iSVuks± dk vuqlj.k djus okys
vuqØe Js.kh (Progression) dgykrs gSaA fiNyh d{kk esa] ge
lekarj Js.kh osQ laca/ esa i<+ pqosQ gSaA bl vè;k; esa lekarj Js.kh osQ ckjs esa vkSj vf/d ppkZ djus
osQ lkFk&lkFk ge lekarj ekè;] xq.kksÙkj ekè;] lekarj ekè; rFkk xq.kksÙkj ekè; esa laca/] fo'ks"k
vuqØeksa osQ Øekxr n izko`Qr la[;kvksa dk ;ksx] n izko`Qr la[;kvka osQ oxksZa dk ;ksx rFkk n izko`Qr
la[;kvksa osQ ?kuksa osQ ;ksx dk Hkh vè;;u djsaxsA

9.2 vuqØe (Sequence)
vkb, ge fuEufyf[kr mnkgj.kksa ij fopkj djsa%

ekuk fd ihf<+;ksa dk varj 30 o"kZ gS vkSj O;fDr osQ 300 o"kkZas esa iwoZtksa vFkkZr~~ ekrk&firk
nknk&nknh] ijnknk&ijnknh vkfn dh la[;k Kkr dhft,A

;gk¡ ihf<+;ksa dh oqQy la[;k = 

300
30 = 10.

Fibonacci
(1175-1250 A.D.)

9vè;k;

vuqØe rFkk Js.kh
(Sequence and Series)
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izFke] f}rh;] r`rh;] --- nloha ih<+h osQ fy, O;fDr osQ iwoZtksa dh la[;k Øe'k% 2, 4, 8, 16, 32,
..., 1024 gSA ;s la[;k,¡ ,d vuqØe dk fuekZ.k djrh gSa] ,slk ge dgrs gSaA

10 dks 3 ls Hkkx nsrs le; fofHkUu pj.kkas osQ ckn izkIr Øfed HkkxiQyksa ij fopkj dhft,A
bl izfØ;k esa ge Øe'k% 3,3.3,3.33,3.333... vkfn ikrs gSa ;s HkkxiQy Hkh ,d vuqØe dk fuekZ.k
djrs gSaA ,d vuqØe esa tks la[;k,¡ vkrh gSa mUgsa ge mldk in dgrs gSaA vuqØe osQ inksa dks
ge a1, a2, a3,…, an, …, vkfn }kjk fu:fir djrs gSaA izR;sd in osQ lkFk yxh la[;k ftls inkad
dgrs gSa] mldk LFkku crkrh gSA vuqØe dk nok¡ in nosa LFkku dks fu:fir djrk gS vkSj bls an

}kjk fu:fir djrs gSa] bls vuqØe dk O;kid in Hkh dgrs gSaA
bl izdkj] O;fDr osQ iwoZtksa (iqoZtksa) osQ vuqØe osQ inksa dks fuEu izdkj ls fu:fir djrs gSa%

a1 = 2, a2 = 4, a3 = 8, …, a10 = 1024.
blh izdkj Øfed HkkxiQyksa okys mnkgj.k esa %

a1 = 3, a2 = 3.3, a3 = 3.33, … a6 = 3.33333, vkfnA
os vuqØe] ftuesa inksa dh la[;k lhfer gksrh gSa] mls ^ifjfer vuqØe* dgrs gSaA mnkgj.kr%

iwoZtksa dk vuqØe ifjfer vuqØe gS] D;ksafd mlesa 10 in gSa (lhfer la[;k)A
,d vuqØe] ^^vifjfer vuqØe dgk tkrk gS] ftlesa inksa dh la[;k lhfer ugha gksrh gSA**

mnkgj.kr% iwoksZDr Øekxr HkkxiQyksa dk vuqØe ,d ^vifjfer vuqØe* gSA vifjfer dgus dk
vFkZ gS] tks dHkh lekIr ugha gksrkA

izk;% ;g laHko gS fd vuqØe osQ fofHkUu inksa dks O;Dr djus osQ fu;e dks ,d cht xf.krh;
lw=k }kjk O;Dr fd;k tk ldrk gSA mnkgj.kkFkZ] izko`Qr le la[;kvksa osQ vuqØe 2, 4, 6, … ij
fopkj dhft,A
;gk¡ a1 = 2 = 2 × 1 a2 = 4 = 2 × 2

a3 = 6 = 2 × 3 a4 = 8 = 2 × 4
....     ....    .... ....     ....    ....
....     ....    .... ....     ....    ....
a23 = 46 = 2 × 23 a24 = 48 = 2 = 2 × 24, vkSj blh izdkj vU;A

oLrqr%] ge ns[krs gSa fd vuqØe dk nok¡ in  an =  2n, fy[kk  tk ldrk gSa] tcfd n
,d izko`Qr la[;k gSA blh izdkj] fo"ke izko`Qr la[;kvksa osQ vuqØe 1,3,5,7,…,esa nosa in osQ lw=k
dks an = 2n – 1, osQ :i esa fu:fir fd;k tk ldrk gS] tcfd n ,d izko`Qr la[;k gSA
O;ofLFkr la[;kvksa 1, 1, 2, 3, 5, 8,.. dk dksbZ Li"V iSVuZ ugha gS] fdarq vuqØe dh jpuk iqujko`fÙk
laca/ }kjk O;Dr dh tk ldrh gSaA mnkgj.kr%

a1 = a2 = 1
a3 = a1 + a2
an = an–2 + an–1, n > 2

bl vuqØe dks Fibonacci vuqØe dgrs gSaA
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vHkkT; la[;kvksa osQ vuqØe 2,3,5,7… esa noha vHkkT; la[;k dk dksbZ lw=k ugha gSaA ,sls of.kZr
vuqØe dks osQoy ekSf[kd fu:fir fd;k tk ldrk gSaA

izR;sd vuqØe esa ;g vis{kk ugha dh tkuh pkfg, fd mlosQ fy, fo'ks"k lw=k gksxkA fdarq fiQj
Hkh ,sls vuqØe osQ fuekZ.k osQ fy, dksbZ u dksbZ lS¼kafrd ;kstuk vFkok fu;e dh vk'kk rks dh
tk ldrh gS] tks inksa a1, a2, a3,…,an,… dk Øekxr :i ns losQA

mi;qZDr rF;ksa osQ vk/kj ij] ,d vuqØe dks ge ,d iQyu osQ :i esa ys ldrs gSa ftldk
izkar izko`Qr la[;kvksa dk leqPp; gks vFkok mldk mileqPp; {1, 2, 3...k}. osQ izdkj dk gksA
dHkh&dHkh ge iQyu osQ laosQr an osQ fy, a(n) dk mi;ksx djrs gSaA

9.3 Js.kh (Series)
ekuk fd ;fn a1, a2, a3,…,an vuqØe gS] rks O;atd a1 + a2 + a3 +,…+ an lacafèkr vuqØe ls
cuh Js.kh dgykrh gSaA Js.kh ifjfer vFkok vifjfer gksxh] ;fn vuqØe Øe'k% ifjfer vFkok
vifjfer gSA Js.kh dks laf/ jhfr esa iznf'kZr djrs gSa] ftls flXek laosQr dgrs gSaA blosQ fy, xzhd

v{kj laosQr ∑  (flXek) dk mi;ksx djrs gSa] ftldk vFkZ gksrk gSa tksM+ukA bl izdkj] Js.kh

a1 + a2 + a3 + ... + an  dk laf{kIr :i]
 1

n

k
k

a
=
∑

.
 gSA

fVIi.kh  Js.kh dk mi;ksx] ;ksx osQ fy, ugha] cfYd fu:fir ;ksx osQ fy, fd;k tkrk gSA
mnkgj.kr% 1 + 3 + 5 + 7 pkj inksa okyh ,d ifjfer Js.kh gSA tc ge ̂ Js.kh dk ;ksx* eqgkojs dk
mi;ksx djrs gSa] rc mldk rkRi;Z ml la[;k ls gS tks inksa osQ tksM+us ls ifjf.kr gksrh gSA vr%
Js.kh dk ;ksx 16 gSA

vc ge oqQN mnkgj.kksa ij fopkj djrs gSaA

mnkgj.k 1 nh xbZ ifjHkk"kkvksa osQ vk/kj ij fuEufyf[kr izR;sd vuqØe osQ izFke rhu in crkb, %

(i) an = 2n + 5 (ii) an = 
3

4
n −

.

gy (i) ;gk¡  an = 2n + 5,

n = 1, 2, 3, j[kus ij] ge ikrs gSa %
a1 = 2(1) + 5 = 7, a2 = 9, a3 = 11

blfy,] okafNr in 7, 9 rFkk 11 gSaA

(ii) ;gk¡ 
 
an = 

3
4

n −
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bl izdkj 1 2 3
1 3 1 1, , 0

4 2 4
a a a−
= =− =− =

vr% izFke rhu in 1
2

− , 

1
4

rFkk 0 gSaA

mnkgj.k 2  an = (n – 1) (2 – n) (3 + n)  }kjk ifjHkkf"kr vuqØe dk 20ok¡ in D;k gSa\

gy ge  n = 20 j[kus ij] ikrs gSa
a20 = (20 – 1) (2 – 20) (3 + 20)

= 19 × (– 18) × (23)
= – 7866.

mnkgj.k 3 ekuk fd vuqØe an fuEufyf[kr :i esa ifjHkkf"kr gS %

a1 = 1,
an = an–1 + 2 for n ≥2.

rks vuqØe osQ ik¡p in Kkr dhft, rFkk laxr Js.kh fyf[k,A

gy ge ikrs gSa %

a1 = 1, a2 = a1 + 2 = 1 + 2 = 3, a3 = a2 + 2 = 3 + 2 = 5,
a4 = a3 + 2 = 5 + 2 = 7, a5 = a4 + 2 = 7 + 2 = 9.

vr% vuqØe osQ izFke ik¡p in 1,3,5,7 rFkk 9 gSaA
laxr Js.kh 1 + 3 + 5 + 7 + 9 +...  gSA

iz'ukoyh 9.1

iz'u 1 ls 6 rd osQ vuqØeksa esa izR;sd osQ izFke ik¡p in fyf[k;s] ftudk nok¡ in fn;k x;k gS %

1.  an = n (n + 2) 2. an = 1
n

n+ 3. an = 2n

4.  an = 
2 3

6
n −

5.  an = (–1)n–1 5n+1 6. an

2 5
4

n +n
= .

fuEufyf[kr iz'u 7 ls 10 rd osQ vuqØeksa esa izR;sd dk okafNr in Kkr dhft,] ftudk nok¡ ij
fn;k x;k gS %
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7.  an = 4n – 3; a17, a24 8. an = 

2

7;
2n

n a

9. an = (–1)n – 1n3; a9 10. 20
( – 2) ;

3n
n na a

n
=

+
.

iz'u 11 ls 13 rd izR;sd vuqØe osQ ik¡p in fyf[k, rFkk laxr Js.kh Kkr dhft, %
11. a1 = 3, an = 3an–1 + 2 lHkh n > 1 osQ fy,

12.   a1 = –1, an = 1na
n
− , tgk¡ n ≥  2

13. a1 = a2 = 2, an =  an–1–1, tgk¡  n > 2
14. Fibonacci vuqØe fuEufyf[kr :i esa ifjHkkf"kr gS %

1 = a1 = a2 rFkk an = an–1 + an–2, n.>2 rks

1n

n

a
a
+

Kkr dhft,] tcfd n = 1, 2, 3, 4, 5

9.4  lekarj Js.kh [Arithmetic Progression (A.P.)]
iwoZ esa vè;;u fd, oqQN lw=kksa rFkk xq.kksa dk iqu% Lej.k djrs gSaA

,d vuqØe a1, a2 a3,…,an… dks lekarj vuqØe ;k lekarj Js.kh dgrs gSa] ;fn
an+1 = an + d, n ∈N

a1 dks izFke in dgrs gSa rFkk vpj in d dks lekarj Js.kh dk lkoZ varj dgrs gSaA
eku yhft, ,d lekarj Js.kh (izekf.kr :i esa) ij fopkj djsa] ftldk izFke in a, rFkk lkoZ
varj d gS] vFkkZr~ a, a + d, a + 2d, ...
lekarj Js.kh dk nok¡ in (O;kid in) an = a + (n – 1)d  gSA
ge lekarj Js.kh dh lkekU; fo'ks"krkvksa dk ijh{k.k dj ldrs gSa%
(i) ;fn lekarj Js.kh osQ izR;sd in esa ,d vpj tksM+k tk,] rks bl izdkj izkIr vuqØe Hkh lekarj

Js.kh gksrk gSA
(ii) ;fn fdlh lekarj Js.kh osQ izR;sd in esa ls ,d vpj ?kVk;k tk, rks] bl izdkj izkIr vuqØe

Hkh lekarj Js.kh gksrk gSA
(iii) ;fn fdlh lekarj Js.kh osQ izR;sd in esa ,d vpj ls xq.kk fd;k tk, rks] bl izdkj izkIr

vuqØe Hkh lekarj Js.kh gksrk gSA
(vi) ;fn fdlh lekarj Js.kh osQ izR;sd in dks ,d v'kwU; vpj ls Hkkx fn;k tk, rks bl izdkj

izkIr vuqØe Hkh ,d lekarj Js.kh gksxkA
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;gk¡ blosQ ckn] ge lekarj Js.kh osQ fy, fuEufyf[kr laosQrksa dk mi;ksx djsaxs %
a = izFke in] l  = vafre in] d = lkoZ varj

n =  inksa dh la[;k] Sn= lekarj Js.kh osQ n inksa dk ;ksxiQy
ekuk a, a + d, a + 2d, …, a + (n – 1) d ,d lekarj Js.kh gS] rks

l    = a + (n – 1) d

[ ]S 2 ( 1)
2n
n a n d= + −

ge bl izdkj Hkh fy[k ldrs gSa %

[ ]S
2n
n a l= +

vkb, oqQN mnkgj.k ysrs gSaA

mnkgj.k 4 ;fn fdlh lekarj Js.kh dk mok¡ in n rFkk nok¡ in m, tgk¡ m ≠ n, gks rks pok¡ in
Kkr dhft,A

gy ge ikrs gSa %

am = a + (m – 1) d = n, ... (1)
rFkk an = a + (n – 1) d = m, ... (2)
(1) vkSj (2) dks gy djus ij] ge ikrs gSa%

(m – n) d = n – m, ;k d = –1, ... (3)
rFkk a = n + m –1 ... (4)
blfy, ap = a + (p – 1)d

= n + m – 1 +( p – 1) (–1) = n + m – p
vr%] p ok¡ in n + m – p. gSA
mnkgj.k 5 ;fn fdlh lekarj Js.kh osQ n inksa dk ;ksx 1P ( 1)

2
n n n –+ Q, gS] tgk¡ P rFkk Q vpj

gks rks lkoZ varj Kkr dhft,A

gy ekuk fd a1, a2, …, an  nh xbZ lekarj Js.kh gS] rks
Sn = a1 + a2 + a3 +...+ an–1 + an = nP + 

1
2

n(n – 1)Q
blfy, S1 = a1 = P, S2 = a1 + a2 = 2P + Q
blfy, a2 = S2 – S1 = P + Q
vr% lkoZ varj gS %

d = a2 – a1 = (P + Q) – P = Q
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mnkgj.k 6 nks lekarj Jsf<+;ksa osQ n inksa osQ ;ksxiQy dk vuqikr (3n + 8) : (7n + 15)  gSA
12 osa in dk vuqikr Kkr dhft,A

gy ekuk fd a1, a2, rFkk d1, d2, Øe'k% izFke ,oa f}rh; lekarj Jsf<+;ksa osQ izFke in rFkk lkoZ
varj gSa] rks nh gqbZ 'krZ osQ vuqlkj] ge ikrs gSa %

3 + 8
7 +15

n n
n n

=
iFz ke lekarj Js<+ h oQs    inksa dk ;ksx

f}rh; lekra j Js<+ h o sQ  inksa dk ;ksx

;k

[ ]

[ ]

1 1

2 2

2 ( 1) 3 82
7 152 ( 1)

2

n a n d n
n na n d

+ − +
=

++ −

;k
1 1

2 2

2 ( 1) 3 8
2 ( 1) 7 15

a n d n
a n d n
+ − +

=
+ − + ...  (1)

vc
12
12

iFz ke lekra j Js<+h dk ok¡  in

f}rh; lekarj Js<h+ dk ok¡  in
1 1

2 2

11
11

a d
a d
+

=
+

1 1

2 2

2 22 3 23 8
2 22 7 23 15

a d
a d
+ × +

=
+ × + [(1) esa n = 23 j[kus ij]

;k
1 1

2 2

11 7
11 16

a d
a d
+

=
+

vr% okafNr vuqikr 7 : 16 gSA

mnkgj.k 7 ,d O;fDr dh izFke o"kZ esa vk; 3,00,000 #i;s gS rFkk mldh vk;  10,000 #i;s
izfr o"kZ] mUuhl o"kks± rd c<+rh gS] rks mlosQ }kjk 20 o"kks± esa izkIr vk; Kkr dhft,A

gy ;gk¡] ge ikrs gSa] lekarj Js.kh ftldk
a = 3,00,000, d = 10,000, rFkk n = 20

;ksx lw=k dk mi;ksx djus ij] ge ikrsa gSa]

S20
20 [600000 19 10000]
2

= + × = 10 (790000) = 79,00,000

og O;fDr 20 o"kZ osQ var esa 79,00,000 #i;s izkIr djrk gSA

9.4.1 lekarj ekè; (Arithmetic mean) fn;k gS nks la[;k,¡ a rFkk b. ge bu la[;kvksa osQ chp
esa ,d la[;k A ys ldrs gSa rkfd a, A, b lekarj Js.kh esa gksa] rks la[;k A dks a vkSj b dk lekarj
ekè; (A.M.) dgrs gSaA
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A – a = b – A  vFkkZr~~ A = 2
a b+

nks la[;kvksa a rFkk b osQ eè; lekarj ekè; dks buosQ vkSlr 2
a b+

osQ :i esa O;kf[;r fd;k

tk ldrk gSA
mnkgj.k osQ fy,] nks la[;kvksa 4 rFkk 16 dk lekarj ekè; 10 gSA bl rjg ge ,d la[;k

10 dks 4 rFkk 16 osQ eè; j[kdj ,d lekarj Js.kh 4, 10, 16 dh jpuk djrs gSaA vc ,d LokHkkfod
iz'u mBrk gSaA D;k fn, x, fdUgha nks la[;kvksa osQ chp nks ;k vfèkd la[;kvksa dks j[kus ls lekarj
Js.kh (A.P.) rS;kj gks losQxh\ voyksdu dhft, fd la[;kvksa 4 rFkk 16 osQ chp 8 vkSj 12 j[kk
tk, rks 4, 8, 12, 16 lekarj Js.kh (A.P.) gks tkrh gSA

lkekU;r% fdUgha nks la[;kvksa a rFkk b osQ chp fdruh Hkh la[;kvksa dks j[kdj lekarj Js.kh
A.P. esa ifjf.kr fd;k tk ldrk gSA
ekuk fd A1, A2, A3, …An  a rFkk b osQ eè; n la[;k,¡ bl izdkj gSa] fd a, A1, A2, A3,
…An, b lekarj Js.kh esa gSA
;gk¡ b, (n + 2) ok¡ in gSa] vFkkZr~

b = a + [(n + 2) – 1]d
= a + (n + 1)d

blls ikrs gSa 1
b ad
n
−

=
+ .

bl izdkj] a rFkk b osQ eè; n la[;k,¡ fuEufyf[kr gSa%

A1 = a + d = a + 1
b a
n
−
+

A2 = a + 2d = a + 
2( )

1
b a
n
−
+

A3 = a + 3d = a + 
3( )

1
b a
n
−
+

..........    .....     .....     .....

..........    .....     .....     .....

An = a + nd = a + 
( )

1
n b a

n
−
+
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mnkgj.k 8 ,slh 6 la[;k,¡ Kkr dhft, ftudks 3 vkSj 24 osQ chp j[kus ij izkIr vuqØe ,d
lekarj Js.kh cu tk,A

gy ekuk fd A1, A2, A3, A4, A5 rFkk A6,3 rFkk 24 osQ eè; 6 la[;k,¡ gSa]
blfy, 3, A1, A2, A3, A4, A5, A6 24 lekarj Js.kh esa gSaA
;gk¡ a = 3, b = 24, n = 8.
blfy, 24 = 3 + (8 –1) d, blls izkIr gksrk gS  d = 3.
bl izdkj A1 = a + d = 3 + 3 = 6; A2 = a + 2d = 3 + 2 × 3 = 9;

A3 = a + 3d = 3 + 3 × 3 = 12; A4 = a + 4d = 3 + 4 × 3 = 15;
A5 = a + 5d = 3 + 5 × 3 = 18; A6 = a + 6d = 3 + 6 × 3 = 21.

vr%] la[;k,¡ 3 rFkk 24 osQ eè; 6 la[;k,¡ 6, 9, 12, 15, 18 rFkk 21 gSaA

iz'ukoyh 9.2

1. 1 ls 2001 rd osQ fo"ke iw.kk±dksa dk ;ksx Kkr dhft,A
2. 100 rFkk 1000 osQ eè; mu lHkh izko`Qr la[;kvksa dk ;ksxiQy Kkr dhft, tks 5 osQ

xq.kt gksaA
3. fdlh lekarj Js.kh esa izFke in 2 gS rFkk izFke ik¡p inksa dk ;ksxiQy] vxys ik¡p inksa osQ

;ksxiQy dk ,d pkSFkkbZ gSA n'kkZb, fd 20ok¡ in –112 gSA

4. lekarj Js.kh – 6,  11
2

− , – 5, … osQ fdrus inksa dk ;ksxiQy –25 gS\

5. fdlh lekarj Js.kh dk pok¡ in 1
q

rFkk qok¡ in 1
p

, gks rks fl¼ dhft, fd izFke pq inksa

dk ;ksx 1
2

(pq +1) gksxk tgk¡ p≠ q .

6. ;fn fdlh lekarj Js.kh 25, 22, 19, … osQ oqQN inksa dk ;ksxiQy 116 gS rks vafre in Kkr
dhft,A

7. ml lekarj Js.kh osQ n inksa dk ;ksxiQy Kkr dhft,] ftldk k ok¡ in 5 k + 1 gSA
8. ;fn fdlh lekarj Js.kh osQ n inksa dk ;ksxiQy (pn + qn2), gS] tgk¡ p rFkk q vpj gksa rks

lkoZ varj Kkr dhft,A
9. nks lekarj Jsf<+;ksa osQ n inksa osQ ;ksxiQy dk vuqikr 5n + 4 : 9n + 6. gks] rks muosQ 18 osa

inksa dk vuqikr Kkr dhft,A
10. ;fn fdlh lekarj Js.kh osQ izFke p inksa dk ;ksx] izFke q inksa osQ ;ksxiQy osQ cjkcj gks rks

izFke (p + q) inksa dk ;ksxiQy Kkr dhft,A
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11. ;fn fdlh lekarj Js.kh osQ izFke p, q, r inksa dk ;ksxiQy Øe'k% a, b rFkk c gks rks fl¼

dhft, fd 

( ) ( ) ( ) 0a b cq r r p p a
p q r

− + − + − =

12. fdlh lekarj Js.kh osQ m rFkk n inksa osQ ;ksxiQyksa dk vuqikr m2 : n2 gS rks n'kkZb, fd
m osa rFkk nosa inksa dk vuqikr (2m–1) : (2n–1) gSA

13. ;fn fdlh lekarj Js.kh osQ nosa in dk ;ksxiQy 3n2  + 5n gSa rFkk bldk mok¡ in 164 gS]
rks m dk eku Kkr dhft,A

14. 5 vkSj 26 osQ chp ,slh 5 la[;k,¡ Mkfy, rkfd izkIr vuqØe lekarj Js.kh cu tk,A

15. ;fn 1 1

n n

n n

a b
a b− −

+
+

, a rFkk b osQ eè; lekarj ekè; gks rks n dk eku Kkr dhft,A

16. m la[;kvksa dks 1 rFkk 31 osQ j[kus ij izkIr vuqØe ,d lekarj Js.kh gS vkSj 7oha ,oa
(m –1) oha la[;kvksa dk vuqikr 5 : 9 gSA rks m dk eku Kkr dhft,A

17. ,d O;fDr ½.k dk Hkqxrku 100 #i;s dh izFke fd'r ls 'kq: djrk gSA ;fn og izR;sd
fd'r esa 5 #i;s izfr ekg c<+rk gS rks 30 oha fd'r dh jkf'k D;k gksxh\

18. ,d cgqHkqt osQ nks Øfed var%dks.kksa dk varj 50 gSA ;fn lcls NksVk dks.k 1200 gks] rks
cgqHkqt dh Hkqtkvksa dh la[;k Kkr dhft,A

9.5 xq.kksÙkj Js.kh  [Geometric Progression (G . P.)]
vkb, fuEufyf[kr vuqØeksa ij fopkj djsa %

(i) 2,4,8,16,....

(ii)
1 1 1 1
9 27 81 243

, , , ,...− −

(iii) .01,0001,.000001,...
bues ls izR;sd vuqØe osQ in fdl izdkj c<+rs gSa\
mi;qZDr izR;sd vuqØe esa ge ikrs gSa fd izFke in dks NksM+] lHkh in ,d fo'ks"k Øe esa
c<+rs gSaA

(i) esa ge ikrs gSa %

32 4
1

1 2 3
2 2 2 2aa aa ; ; ;

a a a
= = = =  vkSj bl izdkj

(ii) esa ge ikrs gSa %

32 4
1

1 2 3

1 1 1 1
9 3 3 3

aa a– – –a ; ; ;
a a a

= = = =  bR;kfnA

blh izdkj (iii) esa in oSQls vxzlj gksrs gSa crkb,\ fujh{k.k ls ;g Kkr gks tkrk gS fd izR;sd fLFkfr
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esa] izFke in dks NksM+] gj vxyk in vius fiNys in ls vpj vuqikr esa c<+rk gSA (i) esa ;g vpj

vuqikr 2 gS] (ii) esa ;g 1–
3

gS (iii) esa ;g vpj vuqikr 0.01 gSA ,sls vuqØeksa dks xq.kksÙkj vuqØe

;k xq.kksÙkj Js.kh ;k la{ksi esa G.P. dgrs gSaA
vuqØe a1, a2, a3, …, an, … dks xq.kksÙkj Js.kh dgk tkrk gS] ;fn izR;sd in v'kwU; gks rFkk

1k

k

a
a
+ = r (vpj)] k ≥ 1 osQ fy,A

a1 = a, fy[kus ij ge xq.kksÙkj Js.kh ikrs gSa % a, ar, ar2, ar3, +…., tgk¡ a dks izFke in dgrs
gSa rFkk r dks xq.kksÙkj Js.kh dk lkoZ vuqikr dgrs gSaA (i), (ii) rFkk (iii) esa nh xbZ xq.kksÙkj Jsf<+;ksa

dk lkoZ vuqikr Øe'k% 2, 1
3

–  rFkk 0.01 gSA

tSlk fd lekarj Js.kh osQ lanHkZ esa] oSls gh in xq.kksÙkj Js.kh dk nok¡ [kkstus dh leL;k ;k xq.kksÙkj

Js.kh osQ n inksa dk ;ksx ftlesa cgqr la[;kvksa dk lekos'k gks rks bUgsa fcuk lw=k osQ gy djuk dfBu

gSA bu lw=kksa dks ge vxys vuqPNsn esa fodflr djsaxs%

ge bu lw=kksa osQ lkFk fuEufyf[kr laosQr dk mi;ksx djsaxsA

a = izFke in] r =  lkoZ vuqikr] l =  vafre in]

n =  inksa dh la[;k]  Sn = izFke n inksa dk ;ksxiQy

9.5.1   xq.kksÙkj Js.kh dk O;kid in (General term of a G .P.) vkb, ,d xq.kksÙkj Js.kh  G.P.
ftldk izFke v'kwU; in ‘a’ rFkk lkoZ vuqikr ‘r’ gS] ij fopkj djsaA blosQ oqQN inksa dks fyf[k,A

nwljk in] izFke in a dks lkoZ vuqikr  r ls xq.kk djus ij izkIr gksrk gS] vFkkZr~ a2 = ar] blh izdkj

rhljk in a3 dks r ls xq.kk djus ij izkIr gksrk gS vFkkZr~ a3 = a2r = ar2, vkfnA ge bUgsa rFkk oqQN

vkSj in uhps fy[krs gSa %

izFke in = a1 = a = ar1–1, f}rh; in = a2 = ar = ar2–1, r`rh; in = a3 = ar2 = ar3–1

prqFkZ in = a4 = ar3 = ar4–1, ik¡pok¡¡ in = a5 = ar4 = ar5–1

D;k vki dksbZ iSVuZ ns[krs gSa\ 16ok¡ in D;k gksxk\
a16 

= ar16–1 = ar15

blfy, ;g izfr:i crkrk gS fd xq.kksÙkj Js.kh dk n ok¡ in a arn
n= −1.

vFkkZr~ xq.kksÙkj Js.kh bl :i esa fy[kh tk ldrh gSa % a, ar, ar2, ar3, … arn–1; a, ar, ar2...,
arn–1...  Øe'k% tc Js.kh ifjfer gks ;k tc Js.kh vifjfer gksA

Js.kh a + ar + ar2 + ... + arn–1 vFkok a + ar + ar2 + ... + arn–1 +... Øe'k% ifjfer ;k
vifjfer xq.kksÙkj Js.kh dgykrs gSaA
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9.5.2.  xq.kksÙkj Js.kh osQ n inkssa dk ;ksxiQy (Sum to n terms of a G .P.)
ekuk fd xq.kksÙkj Js.kh dk izFke in a rFkk lkoZ vuqikr r gSaA ekuk xq.kksÙkj Js.kh osQ n inksa dk
;ksxiQy Sn ls fy[krs gSaA rc

Sn = a + ar + ar2 +...+arn–1 ... (1)

fLFkfr 1 ;fn   r = 1, rks ge ikrs gSa
Sn = a + a + a + ... + a (n inksa rd) = na

fLFkfr 2 ;fn r ≠  1, rks (1) dks r  ls xq.kk djus ij ge ikrs gSa
rSn = ar + ar2 + ar3 + ... + arn ... (2)

(2) dks (1) esa ls ?kVkus ij ge ikrs gSa
(1 – r) Sn = a – arn = a (1 – rn)

blls ge ikrs gSa %

Sn =
(1 )
1

na r
r

−
−  

 ;k 
( 1)S

1

n

n
a r

r
−

=
−

mnkgj.k 9 xq.kksÙkj Js.kh 5, 25,125… dk 10ok¡ rFkk nok¡ in Kkr dhft,\

gy  ;gk¡ a = 5 rFkk r = 5
vFkkZr~ a10 = 5(5)10–1 = 5(5)9 = 510

rFkk an = arn–1 = 5(5)n–1 = 5n

mnkgj.k 10 xq.kksÙkj Js.kh 2,8,32, ... dk dkSu&lk in 131072 gS\

gy ekuk fd 131072 xq.kksÙkj Js.kh dk nok¡ in gSA
;gk¡ a = 2 rFkk r = 4 blfy,

131072 = an = 2(4)n–1  ;k  65536 = 4n–1

ftlls ge ikrs gSa 48 = 4n–1

blfy, n – 1 = 8, vr% , n = 9, vFkkZr~ 131072 xq.kksÙkj Js.kh dk 9ok¡ in gSA

mnkgj.k 11,d xq.kksÙkj Js.kh esa rhljk in 24 rFkk 6ok¡ in 192 gS] rks 10ok¡ in Kkr dhft,A

gy  ;gk¡ a3 = ar2 24 ... (1)
rFkk a6 = ar5 = 192 ... (2)

(2) dks (1) ls Hkkx nsus ij] ge ikrs gSa  r = 2
(1) esa r = 2 j[kus ij] ge ikrs gSa a = 6

vr% a10 = 6 (2)9 = 3072.
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mnkgj.k 12 xq.kksÙkj Js.kh 
2 41
3 9

...+ + +  osQ izFke n inksa dk ;ksx rFkk izFke 5 inksa dk ;ksxiQy

Kkr dhft,A

gy ;gk¡ a = 1, rFkk r = 
2
3

. blfy,

Sn = 

21
3(1 )
21 1
3

n

na r
r

⎡ ⎤⎛ ⎞−⎢ ⎥⎜ ⎟
⎝ ⎠− ⎢ ⎥⎣ ⎦=

− −
 = 

23 1
3

n⎡ ⎤⎛ ⎞−⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

fo'ks"kr% S5  =
523 1

3

⎡ ⎤⎛ ⎞−⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

 = 
2113
243

×  = 
211
81

mnkgj.k 13 xq.kksÙkj Js.kh 
3 33
2 4

, , ...  osQ fdrus in vko';d gSa rkfd mudk ;ksxiQy 3069
512

gks tk,\

gy ekuk fd n vko';d inksa dh la[;k gSaA fn;k gS a = 3, r = 
1
2

 rFkk 
3069S
512n =

D;ksafd
(1– )
1

n

n
aS r

r
=

−

blfy,

13(1 )3069 12 6 11512 21
2

n

n

−
⎛ ⎞= = −⎜ ⎟
⎝ ⎠−

;k
3069 11
3072 2n= −

;k
1 30691

30722n = −

;k
1 3 1

3072 10242n = =

;k 2n = 1024 = 210, ;k n = 10
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mnkgj.k 14 ,d xq.kksÙkj Js.kh osQ izFke rhu inksa dk ;ksxiQy
13
12

gS rFkk mudk xq.kkuiQy 1

gS] rks lkoZ vuqikr rFkk inksa dks Kkr dhft,\

gy ekuk 
a
r

a ar, ,  xq.kksÙkj Js.kh osQ rhu in gSa rks

13
12

a a ar
r
+ + = ... (1)

rFkk ( )( )a a ar
r

⎛ ⎞
⎜ ⎟
⎝ ⎠

 = – 1 ... (2)

(2) ls ge ikrs gSa a3 = –1 vFkkZr~ a = -–1 (osQoy okLrfod ewy ij fopkj djus ls)
(1) esa a = –1 j[kus ij ge ikrs gS

1 1 13–
12

– – r
r

=  ;k 12r2 + 25r + 12 = 0.

;g r esa f}?kkr lehdj.k gS] ftls gy djus ij ge ikrs gSa % 
3
4

r –=  ;k 
4
3

–

vr% xq.kksÙkj Js.kh osQ rhu in gSa

4 3 3, 1, ,
3 4 4

–– r =  osQ fy, rFkk 
3 4 4, 1, ,
4 3 3

–– r =  osQ fy,

mnkgj.k 15 vuqØe 7, 77, 777, 7777,... osQ ninksa dk ;ksx Kkr dhft,A
gy bl :i esa ;g xq.kksÙkj Js.kh ugha gSaA rFkkfi bls fuEufyf[kr :i esa fy[kdj xq.kksÙkj Js.kh
ls lacaèk fu:fir fd;k tk ldrk gS%

Sn = 7 + 77 + 777 + 7777 + ... to n inksa rd

=
7 [9 99 999 9999 to ]
9

... n+ + + + inkas rd

= 2 3 47 [(10 1) (10 1) (10 1) (10 1) ]
9

...n− + − + − + − + inkas rd

= 2 37 [(10 10 10 ) (1+1+1+... )]
9

...n – n+ + + inksa rd inkas rd

=
7 10(10 1) 7 10 (10 1)
9 10 1 9 9

n n

n n
⎡ ⎤ ⎡ ⎤− −

− = −⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦
 .
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mnkgj.k 16 ,d O;fDr dh nloha ih<+h rd iwoZtksa dh la[;k fdruh gksxh] tcfd mlosQ
2 ekrk&firk] 4 nknk&nknh] 8 ij nknk] ij nknh rFkk vkfn gSaA

gy ;gk¡ a = 2, r = 2 rFkk n = 10,

;ksxiQy dk lw=k mi;ksx djus ij 
( 1)

1

n

nS a r
r
−

=
−

ge ikrs gSa S10 = 2(210  – 1) = 2046
vr% O;fDr osQ iwoZtksa dh la[;k 2046 gSA

9.5.3  xq.kksÙkj ekè; [Geometric Mean G .M.)] nks /ukRed la[;kvksa a rFkk b dk xq.kksÙkj

ekè; la[;k ab  
gSA blfy, 2 rFkk 8 dk xq.kksÙkj ekè; 4 gSA ge ns[krs gSa fd rhu la[;kvksa

2, 4, 8 xq.kksÙkj Js.kh osQ Øekxr in gSaA ;g nks la[;kvksa osQ xq.kksÙkj ekè; dh /kj.kk osQ O;kidhdj.k
dh vksj vxzlj djrk gSA

;fn nks /ukRed la[;k,¡ a rFkk b nh xbZ gks rks muosQ chp bfPNr la[;k,¡ j[kh tk ldrh
gSa rkfd izkIr vuqØe ,d xq.kksÙkj Js.kh cu tk,A

eku yhft, a rFkk b osQ chp n la[;k,¡ G1, G2, G3 ,…,Gn, bl izdkj gSa fd
a,G1,G2,G3,…,Gn,b  xq.kksÙkj Js.kh gSA bl izdkj b xq.kksÙkj Js.kh dk (n + 2) ok¡ in gSA
ge ikrs gSa%

1nb ar += , 
   
;k 

   

1
1nbr

a
+⎛ ⎞= ⎜ ⎟

⎝ ⎠

vr%

1
1

1G
nbar a

a
+⎛ ⎞= = ⎜ ⎟

⎝ ⎠
, 

2
12

2G
nbar a

a
+⎛ ⎞= = ⎜ ⎟

⎝ ⎠ , 

3
13

3G
nbar a

a
+⎛ ⎞= = ⎜ ⎟

⎝ ⎠ ,

1
G

n
nn

n
bar a
a

+⎛ ⎞= = ⎜ ⎟
⎝ ⎠

mnkgj.k 17 ,slh 3 la[;k,¡ Kkr dhft, ftudks 1 rFkk 256 osQ chp j[kus ij izkIr vuqØe ,d
xq.kksÙkj Js.kh cu tk,A

gy ekuk fd G1, G2,G3 rhu xq.kksÙkj ekè; 1 rFkk 256 osQ chp esa gSA
1,  G1,G2,G3 ,256  xq.kksÙkj Js.kh esa gSaA

blfy, 256 = r4 ftlls  r = ±  4 (osQoy okLrfod ewy ysus ij) r = 4 osQ fy, ge
ikrs gSa G1 = ar = 4, G2 = ar2 = 16, G3 = ar3 = 64
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blh izdkj r = – 4, osQ fy, la[;k,¡ – 4,16 rFkk – 64 gSaA
vr% 1 rFkk 256 osQ chp rhu la[;k,¡ 4, 16, 64 gSaA

9.6  lekarj ekè; rFkk xq.kksÙkj ekè; osQ chp laca/ (Relationship between A.M.
and G.M.)
ekuk fd A rFkk G nh xbZ nks /ukRed okLrfod la[;kvksa a rFkk b osQ chp Øe'k% lekarj ekè;
(A.M.) rFkk xq.kksÙkj ekè; (A.M.) gSaA rks

A
2

a b+
=   rFkk G ab=

bl izdkj

A G
2

a b ab+
− = −  = 

2
2

a b ab+ −
  = 

( )2

2

a b−
≥ 0 ... (1)

(1) ls ge A ≥ G laca/ ikrs gSaA

mnkgj.k 18 ;fn nks /ukRed la[;kvksa a rFkk b osQ chp lekarj ekè; rFkk xq.kksÙkj ekè; Øe'k%
10 rFkk 8 gSa] rks la[;k,¡ Kkr dhft,A

gy fn;k gS A.M. 10
2

a b+
= = ... (1)

rFkk G.M. 8ab= = ... (2)

(1) rFkk (2) ls ge ikrs gSa
a + b = 20 ... (3)
ab     = 64 ... (4)

(3), (4) ls a rFkk b dk eku loZlfedk (a – b)2 = (a + b)2 – 4ab esa j[kus ij ge ikrs gSa
(a – b)2 = 400 – 256 = 144 ;k  a – b = ± 12

(3) rFkk (5) dks gy djus ij] ge ikrs gSa
a = 4, b = 16 ;k a = 16, b = 4

vr% la[;k,¡ a rFkk b Øe'k% 4, 16 ;k 16, 4 gSaA

iz'ukoyh 9.3

1. xq.kksÙkj Js.kh 
5 5 5, ,
2 4 8

, ... dk 20ok¡ rFkk nok¡ in Kkr dhft,A

2. ml xq.kksÙkj Js.kh dk 12ok¡ in Kkr dhft,] ftldk 8ok¡ in 192 rFkk lkoZ vuqikr 2 gSA
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3. fdlh xq.kksÙkj Js.kh dk 5ok¡] 8ok¡ rFkk 11ok¡ in Øe'k% p, q rFkk s gSa rks fn[kkb,
fd q2 = ps.

4. fdlh xq.kksÙkj Js.kh dk pkSFkk in mlosQ nwljs in dk oxZ gS rFkk izFke in –3 gS rks 7ok¡ in
Kkr dhft,A

5. vuqØe dk dkSu lk in%

(a)  2, 2 2 , 4, ...; 128  gS\

(b) 3 ,3 3 3 , ... ; 729 gS\

(c) 
1 1 1 1, , ,...;
3 9 27 19683 gS\

6. x osQ fdl eku osQ fy, la[;k,¡ 
2 7, ,
7 2

–– x  xq.kksÙkj Js.kh esa gSa\

iz'u 7 ls 10 rd izR;sd xq.kksÙkj Js.kh dk ;ksxiQy fufnZ"V inksa rd Kkr dhft,A
7. 0.15, 0.015, 0.0015, ... 20 inksa rd

8. 7 , 21 , 3 7 , ... n inksa rd
9. 1, – a, a2, – a3, ... n inksa rd  (;fn a ≠ –1)

10. x3, x5, x7, ... n inksa rd  (;fn x ≠  ± 1)

11. eku Kkr dhft, 
11

1
(2 3 )k

k=
+∑

12. ,d xq.kksÙkj Js.kh osQ rhu inksa dk ;ksxiQy  
39
10

  gSa rFkk mudk xq.kuiQy 1 gSA lkoZ vuqikr

rFkk inksa dks Kkr dhft,A

13. xq.kksÙkj Js.kh 3, 32, 33, … osQ fdrus in vko';d gSa rkfd mudk ;ksxiQy 120 gks tk,A
14. fdlh xq.kksÙkj Js.kh osQ izFke rhu inksa dk ;ksxiQy 16 gS rFkk vxys rhu inksa dk ;ksx 128

gS rks xq.kksÙkj Js.kh dk izFke in] lkoZ vuqikr rFkk n inksa dk ;ksxiQy Kkr dhft,A

15. ,d xq.kksÙkj Js.kh dk izFke in a = 729 rFkk 7ok¡ in 64 gS rks S7 Kkr dhft,\

16. ,d xq.kksÙkj Js.kh dks Kkr dhft,] ftlosQ izFke nks inksa dk ;ksxiQy – 4 gS rFkk 5ok¡ in
r`rh; in dk 4 xquk gSA

17.  ;fn fdlh xq.kksÙkj Js.kh dk 4 ok¡] 10ok¡ rFkk 16ok¡ in Øe'k% x, y rFkk z gSa] rks fl¼
dhft, fd x, y, z xq.kksÙkj Js.kh esa gSaA

18. vuqØe 8, 88, 888, 8888… osQ n inksa dk ;ksx Kkr dhft,A
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19. vuqØe 2, 4, 8, 16, 32 rFkk 128, 32, 8, 2, 
1
2

 osQ laxr inksa osQ xq.kuiQy ls cus vuqØe dk

;ksxiQy Kkr dhft,A
20. fn[kkb, fd vuqØe  a, ar, ar2, … arn–1 rFkk  A, AR, AR2,…ARn–1 osQ laxr inksa osQ

xq.kuiQy ls cuk vuqØe xq.kksÙkj Js.kh gksrh gS rFkk lkoZ vuqikr Kkr dhft,A
21. ,sls pkj in Kkr dhft, tks xq.kksÙkj Js.kh esa gks] ftldk rhljk in izFke in ls 9 vfèkd

gks rFkk nwljk in pkSFks in ls 18 vf/d gksA
22. ;fn fdlh xq.kksÙkj Js.kh dk pok¡] qok¡ rFkk r ok¡ in Øe'k% a, b rFkk c gks] rks fl¼ dhft,

fd aq–r br–pcP–q = 1
23. ;fn fdlh xq.kksÙkj Js.kh dk izFke rFkk n ok¡ in Øe'k% a rFkk b gSa] ,oa P, n inksa dk

xq.kuiQy gks] rks fl¼ dhft, fd P2 = (ab)n

24. fn[kkb, fd ,d xq.kksÙkj Js.kh osQ izFke n inksa osQ ;ksxiQy rFkk (n + 1) osa in ls (2n)osa in

rd osQ inksa osQ ;ksxiQy dk vuqikr 
1
nr  gSA

25. ;fn a, b, c rFkk d xq.kksÙkj Js.kh esa gSa rks fn[kkb, fd (a2 + b2 + c2) (b2 + c2 + d2) =
(ab + bc + cd)2 .

26. ,slh nks la[;k,¡ Kkr dhft, ftudks 3 rFkk 81 osQ chp j[kus ij izkIr vuqØe ,d xq.kksÙkj
Js.kh cu tk;A

27. n dk eku Kkr dhft, rkfd 
1 1n n

n n
a b

a b

+ ++
+ , a rFkk b osQ chp xq.kksÙkj ekè; gksA

28. nks la[;kvksa dk ;ksxiQy muosQ xq.kksÙkj ekè; dk 6 xquk gS rks fn[kkb, fd la[;k,¡

(3 2 2) : (3 2 2)+ −  osQ vuqikr esa gSaA

29. ;fn A rFkk G nks /ukRed la[;kvksa osQ chp Øe'k% lekarj ekè; rFkk xq.kksÙkj ekè; gksa] rks

fl¼ dhft, fd la[;k,¡ A (A + G) (A – G)±  gSaA

30. fdlh dYpj esa cSDVhfj;k dh la[;k izR;sd ?kaVs i'pkr~ nqxquh gks tkrh gSA ;fn izkjaHk esa mlesa
30 cSDVhfj;k mifLFkr Fks] rks cSDVhfj;k dh la[;k nwljs] pkSFks rFkk nosa ?kaVksa ckn
D;k gksxh\

31. 500 #i;s /ujkf'k 10% okf"kZd pØòf¼ C;kt ij 10 o"kks± ckn D;k gks tk,xh] Kkr dhft,\
32. ;fn fdlh f}?kkr lehdj.k osQ ewyksa osQ lekarj ekè; ,oa xq.kksÙkj ekè; Øe'k% 8 rFkk 5 gSa]

rks f}?kkr lehdj.k Kkr dhft,A



208 xf.kr

9.7  fo'ks"k vuqØeksa osQ n inksa dk ;ksxiQy (Sum to n Terms of Special Series)
vc ge oqQN fo'ks"k vuqØeksa osQ n inksa dk ;ksx Kkr djsaxs % os fuEufyf[kr gSaA

(i) 1 + 2 + 3 +… + n (izFke n izko`Qr la[;kvksa dk ;ksx)
(ii) 12 + 22 + 32+…   + n2  (izFke n izko`Qr la[;kvksa osQ oxksZa dk ;ksx)
(iii) 13 + 23 + 33+…    + n3 (izFke n izko`Qr la[;kvksa osQ ?kuksa dk ;ksx)

vkb, ge bu ij ,d osQ ckn nwljs ij fopkj djsa %

(i) Sn=1+ 2 + 3 + … + n] rks = 
( 1)

2
n n +

 (Hkkx 9.4 ns[ksa)

(ii) ;gk¡    Sn=12+22+32+ … +n2.

ge loZlfedk ( )k k k k3 3 21 3 3 1− − = − + ij fopkj djrs gSa
Øe'k% k = 1, 2… , n j[kus ij] ge ikrs gSa

13 – 03 = 3 (1)2 – 3 (1) + 1
23 – 13 = 3 (2)2 + 1
33 – 23 = 3(3)2 – 3 (3) + 1
.........................................

.........................................

.........................................

n3 – (n – 1)3 = 3 (n)2 – 3 (n) + 1
nksuksa i{kksa dks tksM+us ij ge ikrs gSa

n3 – 03 = 3 (12 + 22 + 32 + ... + n2) – 3 (1 +2 +3 + ... + n) + n

;k 3 2

1 1
3 3

n n

k k
n k – k n

= =

= +∑ ∑

(i) ls ge tkurs gSa

1

( 1)1 2 3
2

n

k

n nk ... n
=

+
= + + + + =∑

vr% Sn = 
2 3

1

1 3 ( 1)
3 2

n

k

n nk n n
=

+⎡ ⎤= + −⎢ ⎥⎣ ⎦
∑  = 3 21 (2 3 )

6
n n n+ +  = 

( 1)(2 1)
6

n n n+ +

(iii) ;gk¡ Sn = 13 + 23 + ...+n3

ge loZlfedk (k + 1)4 – k4 = 4k3 + 6k2 + 4k + 1 ij fopkj djrs gSa
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Øe'k% k = 1, 2, 3… n, j[kus ij] ge ikrs gSa
24 – 14 = 4(1)3 + 6(1)2 + 4(1) + 1
34 – 24 = 4(2)3 + 6(2)2 + 4(2) + 1
44 – 34 = 4(3)3 + 6(3)2 + 4(3) + 1
......................................................
......................................................
......................................................
(n – 1)4 – (n – 2)4 = 4(n – 2)3 + 6(n – 2)2 + 4(n – 2) + 1
n4 – (n – 1)4 = 4(n – 1)3 + 6(n – 1)2 + 4(n – 1) + 1
(n + 1)4 – n4 = 4n3 + 6n2 + 4n + 1

nksuksa i{kksa dks tksM+us ij] ge ikrs gSa
(n + 1)4 – 14 = 4(13 + 23 + 33 +...+ n3) + 6(12 + 22 + 32 + ...+ n2) +
4(1 + 2 + 3 +...+ n) + n

3 2

1 1 1
4 6 4

n n n

k k k
k k k n

= = =

= + + +∑ ∑ ∑ , ... (1)

(i) rFkk (ii) ls] ge tkurs gSa

( )
1

1
2

n

k

n n
k

=

+
=∑   rFkk 

( )( )2

1

1 2 1
d

6

n

k

n n n
k

=

+ +
=∑

bu ekuksa dks (1) esa j[kus ij] ge ikrs gSa

3 4 3 2

1

6 ( 1) (2 1) 4 (4 4 6 4
6 2

n

k

n n n n nk n n n n – –
=

+ +
= + + +∑

or 4Sn = n4 + 4n3 + 6n2 + 4n – n (2n2 + 3n + 1) – 2n (n + 1) – n
= n4 + 2n3 + n2

= n2(n + 1)2.

vr% Sn =
[ ]22 2 ( 1)( 1)

4 4
n nn n ++

=

mnkgj.k 19 Js.kh 5 + 11 + 19 + 29 + 41… osQ ninksa dk ;ksxiQy Kkr dhft,A

gy vkb, fy[ksa

  Sn = 5 + 11 + 19 + 29 + ... + an–1 + an

vFkok   Sn =        5 + 11 + 19  + ... + an–2 + an–1 + an

?kVkus ij ge ikrs gSa
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0 = 5 + [6 + 8 + 10 + 12 + ...(n – 1) inksa ] – an

vFkok an =
( 1)[12 ( 2) 2]5

2
n n− + − ×

+

= 5 + (n – 1) (n + 4) = n2 + 3n + 1

bl izdkj  Sn =
2 2

1 1 1 1
( 3 1) 3

n n n n

k
k k k

a k k k k n
= = =

= + + = + +∑ ∑ ∑ ∑

=
( 1)(2 1) 3 ( 1)

6 2
n n n n n n+ + +

+ +  = 
( 2) ( 4)

3
n n n+ +

.

mnkgj.k 20 ml Js.kh osQ n inksa dk ;ksx Kkr dhft, ftldk nok¡ in n (n + 3) gSA

gy fn;k x;k gS
an = n (n + 3) = n2 + 3n

bl izdkj n inksa dk ;ksxiQy

Sn =
2

1 1 1
3

n n n

k
k k k

a k k
= = =

= +∑ ∑ ∑

=
( 1) (2 1) 3 ( 1)

6 2
n n n n n+ + +

+  
( 1)( 5)

3
n n n+ +

= .

iz'ukoyh 9.4

iz'u 1 ls 7 rd izR;sd Js.kh osQ ninksa dk ;ksx Kkr dhft,A

1. 1 × 2 + 2 × 3 + 3 × 4 + 4 × 5 +... 2. 1 × 2 × 3 + 2 × 3 × 4 + 3 × 4 × 5 + ...

3. 3 × 12 + 5 × 22 + 7 × 32 + ... 4.
1 1 1

1 2 2 3 3 4
+ + +

× × × ...

5. 52 + 62 + 72 + ... + 202 6. 3 × 8 + 6 × 11 + 9 × 14 + ...

7. 12 + (12 + 22) + (12 + 22 + 32) + ...
iz'u 8 ls 10 rd izR;sd Js.kh osQ n inksa dk ;ksx Kkr dhft, ftldk n ok¡ in fn;k gS%

8. n (n+1) (n+4). 9. n2 + 2n

10. 2(2 1)n –
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fofo/ mnkgj.k

mnkgj.k 21 ;fn fdlh lekarj Js.kh dk p ok¡] q ok¡] r ok¡ rFkk s ok¡ in xq.kksÙkj Js.kh esa gSa] rks
fn[kkb, fd (p – q), (q – r), (r-s) Hkh xq.kksÙkj Js.kh esa gksxsaA

gy ;gk¡ ap = a + (p –1) d ... (1)
aq = a + (q –1) d ... (2)
ar = a + (r –1) d ... (3)
as = a + (s –1) d ... (4)

fn;k x;k gS fd ap, aq, ar rFkk as  xq.kksÙkj Js.kh esa gSaA blfy,

q

p

a
a  =

q rr

q p q

a aa q r
a a a p q

− −
= =

− −  
(D;ksa\) … (5)

blh izdkj r

q

a
a

 = s r s

r q r

a a a r s
a a a q r

− −
= =

− −
; (D;ksa\) … (6)

vr% (5) rFkk (6) ls

q r
p q
−
−

 =
r s
q r
−
−

 vFkkZr~  p – q, q – r rFkk r – s xq.kksÙkj Js.kh esa gSaA

mnkgj.k 22 ;fn a, b, c xq.kksÙkj Js.kh esa gSa rFkk 
11 1
yx za b c= =  gSa rks fl¼ dhft,  x, y, z lekarj

Js.kh esa gSaA

gy ekuk fd a1/x = b1/y = c1/z= k. gSa rks
a = kx , b = ky rFkk c = kz. … (1)

D;ksafd a, b, c xq.kksÙkj Js.kh esa gSa
b2 = ac … (2)

(1) rFkk (2) osQ mi;ksx ls ge ikrs gSa
k2y = kx+z

blls gesa feyrk gS  2y = x + z.
vr% x, y rFkk z lekarj Js.kh esa gSaA

mnkgj.k 23 ;fn a, b, c, d rFkk p fofHkUu okLrfod la[;k,¡ bl izdkj gSa fd
(a2 + b2 + c2)p2 – 2(ab + bc + cd)p + (b2 + c2 + d2) ≤ 0 rks n'kkZb, fd a, b, c rFkk d xq.kksÙkj
Js.kh esa gSaA
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gy fn;k gSa
(a2 + b2 + c2) p2 – 2 (ab + bc + cd)p + (b2 + c2 + d2) ≤ 0 ... (1)

ijarq ck;k¡ i{k
= (a2p2 – 2abp+b2) + (b2p2 – 2bcp+c2) + (c2p2 – 2cdp + d2),

blls gesa feyrk gS
(ap – b)2 + (bp – c)2 + (cp – d)2  ≥ 0 ... (2)

D;ksafd okLrfod la[;kvksa osQ oxks± dk ;ksx ½.ksrj gS] blfy, (1) rFkk (2) ls] ge ikrs gSa

( ) ( ) ( )ap b bp c cp d− + − + − =
2 2 2

0
vFkok ap – b = 0, bp – c = 0, cp – d = 0 blls gesa feyrk gS

b c d p
a b c
= = =

vr% a, b, c rFkk d xq.kksÙkj Js.kh esa gSaA

mnkgj.k 24 ;fn  p,q,r xq.kksÙkj Js.kh esa gSa rFkk lehdj.kksa  px2 + 2qx + r = 0 vkSj

dx2 + 2ex + f = 0 ,d mHk;fu"B ewy j[krs gksa] rks n'kkZb, fd  
d
p

e
q

f
r

, ,   lekarj Js.kh esa gSaA

gy lehdj.k  px2 + 2qx + r = 0 osQ ewy fuEufyf[kr gSa%

22 4 4
2

q q rp
x

p
− ± −

=

D;ksafd  p ,q, r xq.kksÙkj Js.kh esa gSa] blfy, q2 = pr, vFkkZr~ qx
p
−

= ijarq q
p
−  lehdj.k

dx2 + 2ex + f = 0 dk Hkh ewy gS] (D;ksa\)
blfy,

2

2 0q qd e f ,
p p

⎛ ⎞ ⎛ ⎞− −
+ + =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
;k oqQ2 – 2eqp + fp2 = 0 ... (1)

2 0

(1) dks pq2 ls Hkkx nsus ij rFkk  q2 = pr dk mi;ksx djus ls] ge ikrs gSa

d e fp ,
p q pr
− + = ;k 

2e d f
q p r
= +

vr% , ,d e f
p q r  lekarj Js.kh esa gSaA
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vè;k; 9 ij fofo/ iz'ukoyh

1. n'kkZb, fd fdlh lekarj Js.kh osQ (m + n)osa rFkk (m – n)osa inksa dk ;ksx mosa in dk
nqxquk gSA

2. ;fn fdlh lekarj Js.kh dh rhu la[;kvksa dk ;ksx 24 gS rFkk mudk xq.kuiQy 440 gS] rks
la[;k,¡ Kkr dhft,A

3. ekuk fd fdlh lekarj Js.kh osQ n, 2n, rFkk 3n inksa dk ;ksxiQy Øe'k% S1, S2 rFkk S3 gS
rks fn[kkb, fd S3 = 3(S2 –S1)

4. 200 rFkk 400 osQ eè; vkus okyh mu lHkh la[;kvksa dk ;ksxiQy Kkr dhft, tks 7 ls
foHkkftr gksaA

5. 1 ls 100 rd vkus okys mu lHkh iw.kk±dksa dk ;ksxiQy Kkr dhft, tks 2 ;k 5 ls
foHkkftr gksaA

6. nks vadksa dh mu lHkh la[;kvksa dk ;ksxiQy Kkr dhft,] ftudks 4 ls foHkftr djus ij
'ks"kiQy 1 gksA

7. lHkh x , y ∈N osQ fy, f (x + y) = f (x). f (y) dks larq"V djrk gqvk f ,d ,slk iQyu gS

fd f (1) = 3 ,oa 
1

( ) 120
n

x
f x

=

=∑  rks n dk eku Kkr dhft,A

8. xq.kksÙkj Js.kh osQ oqQN inksa dk ;ksx 315 gS] mldk izFke in rFkk lkoZ vuqikr Øe'k% 5 rFkk
2 gSaA vafre in rFkk inksa dh la[;k Kkr dhft,A

9. fdlh xq.kksÙkj Js.kh dk izFke in 1 gSA rhljs ,oa ik¡posa inksa dk ;ksx 90 gks rks xq.kksÙkj Js.kh
dk lkoZ vuqikr Kkr dhft,A

10. fdlh xq.kksÙkj Js.kh osQ rhu inksa dk ;ksx 56 gSA ;fn ge Øe ls bu la[;kvksa esa ls 1, 7,
21 ?kVk,¡ rks gesa ,d lekarj Js.kh izkIr gksrh gSA la[;k,¡ Kkr dhft,A

11. fdlh xq.kksÙkj Js.kh osQ inksa dh la[;k le gSA ;fn mlosQ lHkh inksa dk ;ksxiQy] fo"ke LFkku
ij j[ks inksa osQ ;ksxiQy dk 5 xquk gS] rks lkoZ vuqikr Kkr dhft,A

12. ,d lekarj Js.kh osQ izFke pkj inksa dk ;ksxiQy 56 gSA vafre pkj inksa dk ;ksxiQy 112
gSA ;fn bldk izFke in 11 gS] rks inksa dh la[;k Kkr dhft,A

13. ;fn  
a bx
a bx

b cx
b cx

c dx
c dx

x
+
−

=
+
−

=
+
−

≠( ) ,0  gks rks fn[kkb, fd a, b, c rFkk d xq.kksÙkj Js.kh

esa gSaA
14. fdlh xq.kksÙkj Js.kh esa S, n inksa dk ;ksx] P mudk xq.kuiQy rFkk R muosQ O;qRØeksa dk ;ksx

gks rks fl¼ dhft, fd P2Rn = Sn.
15. fdlh lekarj Js.kh dk pok¡] qok¡ rok¡ in Øe'k% a, b, c gSa] rks fl¼ dhft,

(q – r )a + (r – p )b + (p – q )c = 0
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16. ;fn  
1 1 1 1 1 1a ,b ,c
b c c a a b

⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠  

lekarj Js.kh esa gSa] rks fl¼ dhft, fd

a, b, c lekarj Js.kh esa gSaA
17. ;fn a, b, c, d xq.kksÙkj Js.kh esa gSa] rks fl¼ dhft, fd ( )a b b c c dn n n n n n+ + +,( ),( )

xq.kksÙkj Js.kh esa gSaA
18. ;fn   x2 – 3x +p = 0 osQ ewy a rFkk b gSa rFkk x2 –12x +q = 0, osQ ewy c rFkk d  gSa] tgk¡

a, b, c, d xq.kksÙkj Js.kh osQ :i esa gSaA fl¼ dhft, fd (q + p) : (q – p) = 17:15
19. nks /ukRed la[;kvksa a rFkk b osQ chp lekarj ekè; rFkk xq.kksÙkj ekè; dk vuqikr m:n.

gSA n'kkZb, fd ( ) ( )2 2 2 2:a b m m – n : m – m – n= +

20. ;fn a, b, c lekarj Js.kh esa gSa b, c, d xq.kksÙkj Js.kh esa gSa rFkk 
1 1 1
c d e

, ,  lekarj Js.kh esa

gSa] rks fl¼ dhft, fd a, c, e xq.kksÙkj Js.kh esa gSaA
21. fuEufyf[kr Jsf.k;ksa osQ n inksa dk ;ksx Kkr dhft,A

(i) 5 + 55 +555 + …
(ii) .6 +. 66 +. 666+…

22. Js.kh dk 20ok¡ in Kkr dhft, %
2 × 4 + 4 × 6 + 6 × 8 + ... + n inksa rd

23. Js.kh 3+ 7 +13 +21 +31 +… osQ n inksa dk ;ksx Kkr dhft,A
24. ;fn S1, S2, S3 Øe'k% izFke n izko`Qr la[;kvksa dk ;ksx] muosQ oxks± dk ;ksx rFkk ?kuksa dk

;ksx gS rks fl¼ dhft, fd 9 2
2S = S3 (1 + 8S1).

25. fuEufyf[kr Jsf.k;ksa osQ n inksa rd ;ksx Kkr dhft,a%
3 3 2 3 3 31 1 2 1 2 3
1 1 3 1 3 5

...+ + +
+ + +

+ + +

26. n'kkZb, fd % 
2 2 2

2 2 2
1 2 2 3 ( 1) 3 5

3 11 2 2 3 ( 1)
... n n n

n... n n
× + × + + × + +

=
+× + × + + × +

.

27. dksbZ fdlku ,d iqjkus VSªDVj dks 12000 # esa [kjhnrk gSA og 6000 # udn Hkqxrku djrk
gS vkSj 'ks"k jkf'k dks 500 # dh okf"kZd fdLr osQ vfrfjDr ml èku ij ftldk Hkqxrku u
fd;k x;k gks 12% okf"kZd C;kt Hkh nsrk gSA fdlku dks VSªDVj dh oqQy fdruh dher
nsuh iMs+xh\
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28. 'ke'kkn vyh 22000 #i;s esa ,d LdwVj [kjhnrk gSA og 4000 #i;s udn nsrk gS rFkk 'ks"k
jkf'k dks 1000 #i;sa okf"kZd fd'r osQ vfrfjDr ml /u ij ftldk Hkqxrku u fd;k x;k
gks 10% okf"kZd C;kt Hkh nsrk gSA mls LdwVj osQ fy, oqQy fdruh jkf'k pqdkuh iM+sxh\

29. ,d O;fDr vius pkj fe=kksa dks i=k fy[krk gSA og izR;sd dks mldh udy djosQ pkj nwljs
O;fDr;ksa dks Hkstus dk funsZ'k nsrk gS] rFkk muls ;g Hkh djus dks dgrk gSa fd izR;sd i=k
izkIr djus okyk O;fDr bl  Üak`[kyk dks tkjh j[ksA ;g dYiuk djosQ fd  Üak`[kyk u VwVs rks
8 osa i=kksa osQ lewg Hksts tkus rd fdruk Mkd [kpZ gksxk tcfd ,d i=k dk Mkd [kpZ 50
iSls gSA

30. ,d vkneh us ,d cSad esa 10000 #i;s 5% okf"kZd lk/kj.k C;kt ij tek fd;kA tc ls
jde cSad esa tek dh xbZ rc ls] 15 osa o"kZ esa mlosQ [kkrsa esa fdruh jde gks xbZ] rFkk 20
o"kksZa ckn oqQy fdruh jde gks xbZ] Kkr dhft,A

31. ,d fuekZrk ?kksf"kr djrk gS fd mldh e'khu ftldk ewY; 15625 #i;s gS] gj o"kZ 20%
dh nj ls mldk voewY;u gksrk gSA 5 o"kZ ckn e'khu dk vuqekfur ewY; Kkr dhft,A

32. fdlh dk;Z dks oqQN fnuksa esa iwjk djus osQ fy, 150 deZpkjh yxk, x,A nwljs fnu 4
deZpkfj;ksa us dke NksM+ fn;k] rhljs fnu 4 vkSj deZpkfj;ksa us dke NksM+ fn;k rFkk bl izdkj
vU;A vc dk;Z iw.kZ djus esa 8 fnu vf/d yxrs gSa] rks fnuksa dh la[;k Kkr dhft,] ftuesa
dk;Z iw.kZ fd;k x;kA

lkjka'k

vuqØe ls gekjk rkRi;Z gS] ¶fdlh fu;e osQ vuqlkj ,d ifjHkkf"kr (fuf'pr) Øe esa
la[;kvksa dh O;oLFkk¸A iqu% ge ,d vuqØe dks ,d iQyu osQ :i esa ifjHkkf"kr dj
ldrs gSa] ftldk izkar izko`Qr la[;kvksa dk leqPp; gks vFkok mldk mileqPp;
{1, 2, 3, ..., k} osQ izdkj dk gksA os vuqØe] ftuesa inksa dh la[;k lhfer gksrh gS]
¶ifjfer vuqØe¸ dgykrs gSaA ;fn dksbZ vuqØe ifjfer ugha gS rks mls vifjfer
vuqØe dgrs gSaA

eku yhft, a1, a2, a3, ... ,d vuqØe gSa rks a1 + a2 + a3 + ... osQ :i esa O;Dr fd;k
x;k ;ksx Js.kh dgykrk gS ftl Js.kh osQ inksa dh la[;k lhfer gksrh gS mls ifjfer Js.kh
dgrs gSaA

fdlh vuqØe esa in leku fu;rkad ls yxkrkj c<+rs ;k ?kVrs gSa] lekarj Js.kh gksrh gSaA
fu;rkad dks lekarj Js.kh dk lkoZ varj dgrs gSaA lkekU;r% ge lekarj Js.kh dk izFke
in a, lkoZ varj d rFkk vafre in l ls iznf'kZr djrs gSaA lekarj Js.kh dk O;kid in ;k
n ok¡ in an = a + (n – 1) d gSA
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lekarj Js.kh osQ n inksa dk ;ksx Sn fuEufyf[kr lw=k }kjk izkIr gksrk gS%

( ) ( )S 2 1
2 2n
n n= a+ n – d = a+l⎡ ⎤⎣ ⎦ .

a+b
 gksrk gS vFkkZr~ vuqØe a, A,dksbZ nks la[;kvksa a rFkk b dk lekarj ekè; A, 

2
b lekarj Js.kh (A.P.) esa gSA
fdlh vuqØe dks xq.kksÙkj Js.kh ;k G.P. dgrs gSa] ;fn dksbZ in] vius fiNys in ls ,d
vpj vuqikr esa c<+rk gSA bl vpj xq.kkad dks lkoZ vuqikr dgrs gSaA lkèkkj.kr% ge
xq.kksÙkj Js.kh osQ izFke in dks a rFkk lkoZ vuqikr r ls lkaosQfrd djrs gSaA xq.kksÙkj Js.kh
dk O;kid in ;k nok¡ in an= arn – 1 gksrk gSA

xq.kksÙkj Js.kh osQ izFke n inksa dk ;ksx 
( ) – 1

S
1

n

n

a r
=

r – 
 ;k 

( )1– 
1 – 

na r
r

r
 ;fn r ≠1

gksrk gSA

dksbZ nks /ukRed la[;k,¡ a rFkk b dk xq.kksÙkj ekè; ab  gS vFkkZr~~ vuqØe a, G, b

xq.kksÙkj Js.kh esa gSaA

,sfrgkfld i`"BHkwfe

bl ckr osQ izek.k feyrs gSa fd 4000 o"kZ iwoZ cschyksfu;k osQ fuokfl;ksa dks lekarj rFkk
xq.kksÙkj vuqØeksa dk Kku FkkA Boethius (510 A.D.) osQ vuqlkj lekarj rFkk xq.kksÙkj vuqØeksa
dh tkudkjh izkjafHkd ;wukuh (xzhd) ys[kdksa dks FkhA Hkkjrh; xf.krKksa esa ls vk;ZHkV (476
A.D.) us igyh ckj izko`Qr la[;kvksa osQ oxks± rFkk ?kuksa dk ;ksx viuh izfl¼ iqLrd
^vk;ZHkVh;e~* tks yxHkx 499 A.D. esa fy[kh xbZ Fkh] esa fn;kA mUgksaus p ok¡ in ls vkjaHk]
lekarj vuqØe osQ n inksa osQ ;ksx dk lw=k Hkh fn;kA vU; egku Hkkjrh; xf.krK czãxqIr (598
A.D.), egkohj (850 A.D.) rFkk HkkLdj (1114–1185 A.D.) us la[;kvksa osQ oxksZa ,oa ?kuksa
osQ ;ksx ij fopkj fd;kA ,d nwljs fof'k"V izdkj dk vuqØe  ftldk xf.kr esa egÙoiw.kZ
xq.k/eZ gS tks Fibonacci sequence dgykrk gS] dk vkfo"dkj bVyh osQ egku xf.krK
Leonardo Fibonacci (1170–1250 A.D.) us fd;kA  l=kgoha 'krkCnh esa Jsf.k;ksa dk
oxhZdj.k fof'k"V :i ls gqvkA 1671 bZ- esa James Gregory us vifjfer vuqØe osQ lanHkZ
esa vifjfer Js.kh 'kCn dk mi;ksx fd;kA chtxf.krh; rFkk leqPp; fl¼karksa osQ leqfpr
fodkl osQ mijkar gh vuqØe rFkk Jsf.k;ksa ls lacaf/r tkudkjh vPNs <+ax ls izLrqr gks ldhA


